The eigenstructure of the discrete Fourier transform (DFT) is examined and new systematic procedures to generate eigenvectors of the unitary DFT are proposed. DFT eigenvectors are suggested as user signatures for data communication over the real adder channel (RAC). The proposed multiuser communication system over the 2-user RAC is detailed.
Introduction
In general terms, the eigenvectors of a linear transformation T are the vectors v that satisfy T v = λ v, where λ is a number called an eigenvalue. The determination of eigenvectors and eigenvalues constitute an appealing problem in many contexts [6, [8] [9] [10] 12] .
The unitary form of the discrete Fourier transform (DFT) [4] relates an N -point complex vector x = x[n] n,k=0 and ω = exp(j2π/N ) is an N th root of unity. This formulation of the DFT avoids cumbersome asymmetrical constants and is algebraically equivalent to other instantiations. The resulting DFT pair is denoted by x dft ←→ X. The eigenstructure of the DFT was early investigated in [5, 6] . From a theoretical point of view, various linear transformations, such as the generalized DFT and other discrete transforms, have also had their eigenstructure examined [2, 12] .
Closed forms for particular classes of offset DFT eigenvectors were analyzed in [9] , furnishing theoretical connections to the eigenvectors of the discrete cosine transform and the discrete Hartley transform. Moreover, several methods for the generation of DFT eigenvectors are based on commuting matrices. In recent works [10, 11] , comprehensive studies of commuting matrices are described. In a comparable framework, eigenvectors of discrete transforms have been studied and applied in (i) chirp filtering methods [7] ; (ii) watermarking techniques [9] ; and (iii) motion blur parameter identification [13] , to cite but a few areas.
The aim of this paper is twofold. Firstly, the DFT eigenvectors are examined. Such vectors are termed invariant sequences. Since an invariant sequence x satisfies X = λx, its DFT spectrum can be trivially obtained. Secondly, new communication systems based on the DFT eigenstructure are introduced, being the main goal of the paper. The mathematical framework of the eigenvectors and eigenvalues of the DFT furnishes the necessary tools for the design of multiuser systems over real adder channels (RAC). In particular, communication schemes for the 2-, 3-, and 4-user RAC are proposed.
Henceforth, the term sequence is used interchangeably with vector. All sequences considered are periodic with period N and index manipulation follows a modulo-N arithmetic. Additionally, sequences are represented by column vectors and multiplications between vectors are entrywise operations.
The paper is organized as follows. Section 2 introduces new systematic procedures to generate DFT eigenvectors. A new multiuser communication system, for 2-, 3-, and 4-users, is proposed in Section 3. In Section 4, the basic ideas for the design of a 2-user communication system are elaborated. Multiuser systems are also addressed. Section 5 summarizes the results obtained.
A Generator of Invariant Sequences
The DFT structure severely restrains the possible values of λ as shown in the following results due to McClellanParks [6] . In the remaining of this section, two methods for the generation of invariant sequences are suggested. The first procedure explores the circular nature of the DFT and the second one utilizes the convolution theorem.
Using the fact that the fourth successive application of the DFT to a given sequence returns the original sequence itself, the following proposition can be obtained.
Proof: Noticing that
and
, and applying the linearity property of the DFT, the result follows.
The convolution theorem offers a more general approach to invariant sequences construction as shown below.
Proposition 2 Let x and y be arbitrary sequences. For λ ∈ {±1, ±j}, the sequence given by
is an invariant sequence, where
←→ Y, and * denotes the cyclic convolution operation.
Proof: The convolution theorem asserts that x * y dft ←→ √ N XY. Thus, considering the duality property of the DFT, it follows that
Since λ 4 = 1, the transformed sequence is equal to
which concludes the proof. Proposition 2 can also be used to construct families of invariant sequences associated with a particular invariant sequence. Indeed, generating functions for invariant sequences can be obtained according to the following result. Proposition 3 Let x be an invariant sequence. Given an arbitrary sequence y, for λ ∈ {±1, ±j}, families of invariant sequences associated with x can be derived by the generating function
where λ ′ is the eigenvalue associated with x.
Proof: It follows from Proposition 2 for X = λ ′ x. Let the delayed unit sample sequence δ δ δ m be a sequence of null components except for the mth one which is unitary.
By letting y = δ δ δ m , a particular class of generating functions is derived as follows:
where m = 0, 1, . . . , N − 1, and
n=0 is the exponential sequence, which is the DFT of √ Nδ δ δ m . Despite the multiple combinations of values for λ and λ ′ , only four distinct generating functions are obtained: 
is called the eigenvector mapping matrix. Thus, any sequence y can be converted into an invariant sequence.
The space of finite energy sequences can be split into four orthogonal eigenspaces, V +1 , V −1 , V +j , and V −j , associated with the eigenvalues +1, −1, +j, and −j, respectively [3] . Moreover, the eigenvector mapping matrices can assign eigenvectors from one eigenspace to another. The eigenspace of g depends on the eigenspace where x is defined. If x ∈ V λ , for λ ∈ {±1, ±j}, then the sequence
For instance, let x = δ δ δ 0 + w 0 / √ N , which is one of the simplest invariant sequences with λ ′ = 1. For illustrative purposes, Table 1 lists, for selected values of N , some invariant sequences generated by g
m , and g m .
Sequences for the Real Adder Channel
A well-known communications channel model is the twouser binary adder channel, or 2-user BAC [1] . In this paper, the 2-, 3-, and 4-user RAC models are focused, where addition is over the real numbers. Invariant sequences can be used for information transmission of two to four users over the RAC. In the following, for i = 1, 2, 3, 4, let x i be an invariant sequence with DFT given by X i .
The 2-user RAC
Let x 1 and x 2 be defined in V +1 and V −1 and associated with users 1 and 2, respectively. The 2-user RAC furnishes 
a new sequence y = x 1 + x 2 from which individual user sequences can be discriminated. Denoting the DFT pair y dft ←→ Y, we may write
Since x 1 and x 2 are in different eigenspaces, V +1 and V −1 , respectively, (2) is equivalent to
From (1) and (3), user sequences may be recovered according to x 1 = y+Y 2 and x 2 = y−Y 2 , where FFT procedures can be used to compute the DFT of y. Considering the four eigenvalues, a total of six similar systems can be implemented. For each one, expressions for x 1 and x 2 can be directly calculated and are given in Table 2 .
The 3-user RAC
The three-user real adder channel provides the output signal y = x 1 + x 2 + x 3 . Judiciously assigning to each user an invariant sequence extracted from mutually different eigenspaces, user sequences can be recovered from y. The four possible eigenspaces give four choices of design, corresponding to the following sets of eigenvalues: {+1, −1, +j}, {+1, −1, −j}, {+1, +j, −j}, and {−1, +j, −j}.
Let us turn our attention to the design associated with the {+1, −1, +j} selection of eigenstructure. By applying twice the DFT to y, the set of equations below arises:
the solution of which is promptly expressed by
, and x 3 = O{y}, where operators E{·} and O{·} denote the even and odd part of their arguments, respectively.
The remaining cases are completely analogous and the user recovery expressions for other eigenspace selections are indicated in Table 3 .
The 4-user RAC
The 4-user RAC admits only one design option. In fact, all eigenstructures must be considered simultaneously and each user is assigned an eigenvector from a distinct eigenspace. The output signal is given by y = x 1 + x 2 + x 3 + x 4 . Users can be recovered from y according to similar manipulations employed for the 2-and 3-user RAC cases. Therefore, after three successive applications of the DFT to y, the following system of equations is obtained:
The solution for the above system is expressed by
, and x 4 = O{y}+j O{Y} 2 .
Design of New Communication Systems

A Two-user System
Without any loss of generality, a 2-user transmission system over the RAC is detailed. As described below, the communication systems for the 3-and 4-user RAC follow similar principles and design issues. Let the symbols a 1 and a 2 be real numbers that convey the information generated by two users. The generated data are linearly combined in the RAC, resulting in y = a 1 x 1 + a 2 x 2 , where x 1 and x 1 and invariant sequences.
Any two invariant sequences may be assigned to the users, as long as the sequences belong to different eigenspaces. In particular, a possible design is to ensure that x 1 ∈ V +1 and 
Figure 1: Possible transmitter (a) and receiver (b) diagrams for the 2-user RAC.
x 2 ∈ V −1 . For digital transmission of information, the binary sequences provided by each user are split into b-bit words. Subsequently, a transmission interval T is selected to match the duration of each sequence x i , and the user transmission rate is b bits/T . A digital-to-analog converter (D/A) maps the user bit strings into coefficients a 1 and a 2 according to 2 b quantization levels of the considered dynamic range, where b is the D/A resolution in bits.
The receiver side performs the operations described in Section 3 as well as the analog-to-digital conversion (A/D). Figure 1 depicts the block diagrams for both the transmitter and the receiver parts of the discussed transmission system over the 2-user RAC.
Depending on signal-to-noise ratio conditions, the computations at the receiver side can be significantly reduced. For example, consider the scenario furnished of the 2-user system over the noiseless channel. The values of a 1 and a 2 can be obtained from a 1 = 
A Multiuser System
A multiuser system can be devised. Users are divided into 2, 3 or 4 groups and each group is assigned to a particular eigenspace V +1 , V −1 , V +j , or V −j . Users of a given group receive distinct invariant sequences, which belongs to the eigenspace associated with the group. The assigned sequences are interpreted as user signature sequences.
Although the receiver has access to the set of all possible invariant sequences applicable for a particular system design, it has no a priori information of which invariant sequence was selected for transmission. As a result, the receiver must estimate the necessary invariant sequence from the received data. In this case, Figure 2 illustrates the block diagram for the 2-user system.
A well-known estimator is the sample mean. It can be employed to obtain an estimate of the transmitted data a k , sayâ k , according to the following algorithm:
(i) For all x i from an invariant sequence pool, calculate the sequences
(ii) Computek = arg min i var{z i }, where var{·} is the variance operator;
(iii) The estimated transmitted data is given byâ k = mean{zk}, where mean{·} returns the sample mean of its argument.
Energy Considerations
In a practical scenario, the maximum allowed channel energy, E max , can determine the dynamic range of the user coefficients. Assume that |a i | ≤ M , i = 1, 2, where M is a finite real quantity. A sufficient condition for the choice of the peak value M is established in the following proposition. In a noiseless channel, b may assume an arbitrarily large value, and the transmission rate is unbounded. The suggested transmission system can be interpreted as a generalization of direct sequence spread spectrum systems, e.g., DS-CDMA. Instead of spreading one bit using a signature sequence, b bits are spread over a length N sequence.
Conclusions
This paper investigates sequences that are invariant to the unitary DFT. Systematic procedures for the generation of these sequences were proposed. In particular, generating functions for invariant sequences of arbitrary length were introduced. A multiuser communication system for the real adder channel, for 2, 3 and 4 users was proposed. The suggested system applies DFT invariant sequences as user signatures. The proposed signatures are non-binary, in contrast to the binary spread spectrum sequences. The performance of the system in both the noiseless and noisy cases are currently under investigation.
